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ABSTRACT
A cosmological model describing the evolution of n Ricci-flat spaces (n > 1) in the pres-
ence of 1-component perfect-fluid and minimally coupled scalar field is considered. When
the pressures in all spaces are proportional to the density: pi = (1 − hi)ρ, hi = const, the
Einstein and Wheeler-DeWitt equations are integrated for a large variety of parameters hi.
Classical and quantum wormhole solutions are obtained for negative density ρ < 0. Some
special classes of solutions, e.g. solutions with spontaneous and dynamical compactification,
exponential and power-law inflations, are singled out. For ρ > 0 a third quantized cosmo-
logical model is considered and the Planckian spectrum of ”created universes” is obtained.
PACS numbers: 04.20, 04.40.
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1 Introduction
Last years the of Kaluza-Klein ideas [1, 2] (see also [3]-[6]) and superstring theory [7] greatly
stimulated the interest in multidimensional cosmology (see, for example, [8]-[58] and refer-
ences therein).
Classical and quantum multidimensional cosmological models were investigated in our pa-
pers starting from [28]-[31] (and for spherical symmetry case from [59, 60]). Some windows
to observational effects of extra dimensions were found and analyzed such as possible varia-
tions of the effective gravitational constant, its relations with other cosmological parameters
[28, 29, 37].
But the treatment of classical models may be only the necessary first step in analyz-
ing the properties of the ”early universe” and last stages of the gravitational collapse in
a multidimensional approach. [The content of this paragraph is a personal opinion of the
second author (V.N.M.).] In quantum multidimensional cosmology we hope to find answers
to such questions as the singular state, the ”creation of the Universe”, the nature and value
of the cosmological constant, some ideas about possible ”seeds” of the observable structure
of the Universe, stability of fundamental constants etc. In the third quantization scheme the
problems of topological changes may be treated thoroughly. It should be noted also that the
multidimensional schemes may be also used in multicomponent inflationary scenarios [66]-
[69] (see for example [56]- [58]).
In this paper we consider a cosmological model describing the evolution of n Ricci-
flat spaces (n > 1) with 1-component perfect-fluid and minimally coupled scalar field as
a matter source. The pressures in all space are proportional to the density of energy and
the coefficients of proportionality satisfy a certain inequality (see (2.8) and (2.13)). This
model is investigated in classical, quantum and third quantized cases and corresponding
exact solutions are found. Some particular models of such type were considered previously
by many authors (see, for example, [14, 19, 20, 21, 24, 30, 36]). In [47] some classes of exact
solutions to Einstein and Wheeler-DeWitt equations with multicomponent perfect fluid and
a chain of Ricci-flat internal spaces were obtained. In [49] new families of classical solutions
for the model [47] (including those of Toda-like type) were considered.
The paper is organized as following. In Sec. 2 the general description of the model is
performed. In Sec. 3 we integrate the Einstein equations for the model and analyze a class
of exceptional (inflationary) solutions. (The solutions with n = 2 were considered recently
in [57, 58]). The isotropization-like and Kasner-like asymptotical behaviours of the solutions
are analized. In subsection 3.5 some special cases such as isotropic (when the pressures
in all spaces are equal) and curvature-like cases are investigated. In the last case there
exist solutions with so-called spontaneous and dynamical compactifications. The instanton
solutions (classical wormholes) with imaginary scalar field and negative energy density are
also obtained. (The interest to wormhole solutions was stimulated greatly after the papers
[70, 71, 72]). We note that the exact solutions for 1-component perfect fluid (without scalar
field) and a chain of Ricci-flat spaces, were obtained for the first time in [30] (see also [47]).
The cosmological constant case was considered previously in [46, 48].
In Sec. 4 we consider our model at the quantum level (for pioneering papers see [73]-
[78]). Here we quantize scale factors and a scalar field but treat the perfect fluid as a classical
1
object. Such approach is quite consistent at least in certain special situations such as Λ-term
[46, 48] and curvature [40]-[43] cases.
In Sec. 4 the Wheeler-DeWitt equation for the model is solved and quantum wormhole
solutions are obtained. We recall that the notion of quantum wormholes was introduced by
Hawking and Page as a quantum extension of the classical wormhole paradigma (see also
[83]-[85] and [41, 42, 46, 48]). They proposed to regard quantum wormholes as solutions
of the Wheeler-DeWitt (WDW) equation with the following boundary conditions: (i) the
wave function is exponentially damped for large ”spatial geometry”; (ii) the wave function
is regular when the spatial geometry degenerates. The first condition expresses the fact
that a space-time should be Euclidean at the spatial infinity. The second condition should
reflect the fact that the space-time is nonsingular when a spatial geometry degenerates. (For
example, the wave function should not oscillate an infinite number of times). Presented in
this paper multidimensional quantum wormhole solutions may be considered as a natural
extension of the corresponding solutions in [41, 42] and [46, 48] for curvature and Λ-term
cases correspondingly.
In Sec. 5 a third quantized cosmology is investigated along a line as it was done in [40]
and [53] for curvature and cosmological constant cases correspondingly. Here we are lead to
the theory of massless conformally coupled scalar field in conformally flat generalized Milne
universe [53]. In- and out-vacuums are defined and planckian spectrum for the ”created out-
universes” (from in-vacuum) is obtained using standard relations [87, 88]. The temperature is
shown to depend upon the equation of state. It should be noted that recently the interest to
the third quantized models was stimulated by papers [89, 90] (see also [91]-[95] and references
therein).
2 The model
We consider a cosmological model describing the evolution of n Ricci-flat spaces in the
presence of the 1-component perfect-fluid matter [47] and a homogeneous massless minimally
coupled scalar field. The metric of the model
g = −exp[2γ(t)]dt⊗ dt+
n∑
i=1
exp[2xi(t)]g(i), (2.1)
is defined on the manifold
M = R×M1 × . . .×Mn, (2.2)
where the manifoldMi with the metric g
(i) is a Ricci-flat space of dimension Ni, i = 1, . . . , n;
n ≥ 2. We take the field equations in the following form:
RMN −
1
2
δMN R = κ
2TMN , (2.3)
✷ϕ = 0, (2.4)
where κ2 is the gravitational constant, ϕ = ϕ(t) is scalar field, ✷ is the d’Alembert operator
for the metric (2.1) and the energy-momentum tensor is adopted in the following form
TMN = T
M(pf)
N + T
M(φ)
N , (2.5)
2
(T
M(pf)
N ) = diag(−ρ, p1δm1k1 , . . . , pnδmnkn ), (2.6)
T
M(φ)
N = ∂
Mϕ∂Nϕ− 1
2
δMN (∂ϕ)
2. (2.7)
We put pressures of the perfect fluid in all spaces to be proportional to the density
pi(t) = (1− ui
Ni
)ρ(t), (2.8)
where ui = const, i = 1, . . . , n.
We impose also the following restriction on the vector u = (ui) ∈ Rn
< u, u >∗< 0. (2.9)
Here bilinear form < ., . >∗: Rn × Rn → R is defined by the relation
< u, v >∗= Gijuivj, (2.10)
u, v ∈ Rn, where
Gij =
δij
Ni
+
1
2−D (2.11)
are components of the matrix inverse to the matrix of the minisuperspace metric [30, 31]
Gij = Niδij −NiNj . (2.12)
In (2.11) D = 1 +
∑n
i=1Ni is the dimension of the manifold M (2.2).
Remark 1. This restriction (2.9) reads
< u, u >∗≡ Gijuiuj =
n∑
i=1
(ui)
2
Ni
+
1
2−D (
n∑
i=1
ui)
2 < 0. (2.13)
We note that in notations of [30] < u, u >∗= ∆´(h)/(2−D).)
3 Classical solutions
The Einstein equations (2.3) imply ▽MTMN = 0 and due to (2.4) ▽MTM(pf)N = 0 or equiva-
lently
ρ˙+
n∑
i=1
Nix˙
i(ρ+ pi) = 0. (3.1)
From (2.8), (3.1) we get
κ2ρ(t) = A exp[−2Nixi(t) + uixi(t)], (3.2)
where A = const. We put A 6= 0 (the case A = 0 was considered thoroughly in [52]).
It is not difficult to verify that the field equations (2.3), (2.4) for the cosmological metric
(2.1) in the harmonic time gauge
γ0 ≡
n∑
i=1
Nix
i (3.3)
3
with the energy-momentum tensor from (2.5)-(2.7) and the relations (2.8), (3.2) imposed are
equivalent to the Lagrange equations for the Lagrangian
L =
1
2
(Gijx˙
ix˙j + κ2ϕ˙2)− κ2A exp(ukxk) (3.4)
with the energy constraint
E =
1
2
(Gij x˙
ix˙j + κ2ϕ˙2) + κ2A exp(ukx
k) = 0 (3.5)
(for ϕ = 0 see [47, 55]).
We recall [30, 31] that the minisuperspace metric
G = Gijdx
i ⊗ dxi (3.6)
has the pseudo-Euclidean signature (−,+, . . . ,+), i.e. there exists a linear transformation
za = eai x
i, (3.7)
diagonalizing the minisuperspace metric (3.6), (2.12)
G = ηabdz
a ⊗ dzb = −dz0 ⊗ dz0 +
n−1∑
i=1
dzi ⊗ dzi, (3.8)
where
(ηab) = (η
ab) ≡ diag(−1,+1, . . . ,+1), (3.9)
a, b = 0, . . . , n− 1. From (3.7)-(3.8) we get
ηabe
a
i e
b
j = Gij (3.10)
and as a consequence
eiaGije
j
b = ηab, e
i
a = ηabG
ijebj , (3.11)
where (eia) = (e
a
i )
−1. As in [47] we put
e0i = ui/(2q) =⇒ z0 = uixi/(2q), (3.12)
where here and below
2q ≡ √− < u, u >∗. (3.13)
It may be done, since < ., . >∗ is a bilinear symmetrical 2-form of the signature (−,+, . . . ,+)
and < u, u >∗< 0 [47]. An example of diagonalization (3.7) satisfying (3.12) was considered
in [30, 31]. From (3.11) and (3.12) we get
ei0 = −Gije0j = −ui/(2q), ui ≡ Gijuj. (3.14)
We also denote
zn = κϕ. (3.15)
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The Lagrangian (3.4) in z-variables (3.7), (3.15) (with the relation (3.12) imposed) may
be rewritten as
L =
1
2
ηAB z˙
Az˙B − κ2A exp(2qz0), (3.16)
where A,B = 0, . . . , n. The energy constraint (3.5) reads
E =
1
2
ηAB z˙
Az˙B + κ2A exp(2qz0) = 0. (3.17)
The Lagrange equations for the Lagrangian (3.16)
−z¨0 + 2qA exp(2qz0) = 0, (3.18)
z¨B = 0, B = 1, . . . , n, (3.19)
with the energy constraint (3.17) can be easily solved. From (3.19) we have
zB = pBt + qB, (3.20)
where pB and qB are constants and B = 1, . . . , n. The first integral for eq. (3.18) reads
−1
2
(z˙0)2 + A exp(2qz0) + E = 0. (3.21)
Using (3.17), (3.20) and (3.21) we get
E = 1
2
n∑
B=1
(pB)2. (3.22)
We obtain the following solution of eqs. (3.18), (3.21)
exp(−2qz0) = (A/E) sinh2(q√2E(t− t0)), E > 0, A > 0, (3.23)
(A/|E|) sin2(q
√
2|E|(t− t0)), E < 0, A > 0, (3.24)
2q2A(t− t0)2, E = 0, A > 0, (3.25)
(|A|/E) cosh2(q√2E(t− t0)), E > 0, A < 0, (3.26)
Here t0 is an arbitrary constant. For real z
B (or, equivalently, for the real metric and the
scalar field) we get from (3.22) E ≥ 0. The case E < 0 may take place when a pure imaginary
scalar field is considered.
3.1 Kasner-like parametrization for non-exceptional solutions with
real scalar field
First, we consider the real case with E > 0. In this case the relations (3.23) and (2.26) may
be written in the following form
exp(−2qz0) = |A|E f
2
δ (q
√
2E(t− t0)), (3.27)
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where δ ≡ A/|A| = ±1 and
fδ(x) ≡ 1
2
(ex − δe−x) = sinh x, δ = +1,
= cosh x, δ = −1. (3.28)
We introduce a new time variable by the relation
τ =
T√
δ
ln
exp[q
√
2E(t− t0)] +
√
δ
exp[q
√
2E(t− t0)]−
√
δ
= (3.29)
T ln coth[
1
2
q
√
2E(t− t0)], δ = +1, (3.30)
2T arctan exp[−q
√
2E(t− t0)], δ = −1, (3.31)
where
T = T (u,A) ≡ (2q2|A|)−1/2 = (1
2
|A < u, u >∗ |)−1/2. (3.32)
For δ = +1 the variable τ = τ(t) is monotonically decreasing from +∞ to 0, when t− t0 is
varying from 0 to +∞. For δ = −1 it is monotonically decreasing from πT to 0, when t− t0
is varying from −∞ to +∞.
It is not difficult to verify that the following relations take place
sinh(τ
√
δ/T )/
√
δ = 1/fδ(q
√
2E(t− t0)), (3.33)
tanh(τ
√
δ/2T )/
√
δ = exp[−q
√
2E(t− t0)], (3.34)
dτ = −qT
√
2Edt/fδ(q
√
2E(t− t0)). (3.35)
Now, we introduce the following dimensionless ”Kasner-like” parameters
βi = −eiaˆpaˆ/(q
√
2E), (3.36)
βϕ = −pn/(q
√
2E), (3.37)
Here and below aˆ, bˆ = 1, . . . , n− 1. From relations (3.7), (3.14), (3.20) and (3.36) we have
xi = −(ui/2q)z0 + eiaˆ[paˆ(t− t0) + q¯aˆ] =
−(ui/4q2)(2qz0)− q√2E(t− t0)βi + γi, (3.38)
where
γi = eiaˆq¯
aˆ, q¯aˆ = qaˆ + paˆt0. (3.39)
Using (3.13), (3.27), (3.33), (3.34) and (3.38) we get the following expression for the scale
factors
ai = exp(x
i) = Ai[sinh(rτ/T )/r]
σi [tanh(rτ/2T )/r]β
i
, (3.40)
where r =
√
δ, and
σi = 2ui/ < u, u >∗, Ai = (E/|A|)σi/2 exp(γi), (3.41)
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i = 1, . . . , n. In analogous manner we obtain the expression for the scalar field (see (3.34),
(3.37))
exp(κϕ) = exp(zn) = Aϕ[tanh(rτ/2T )/r]
βϕ, (3.42)
Aϕ > 0 is constant.
We define a bilinear symmetrical form < ., . >: Rn × Rn → R by the relation
< α, β >= Gijα
iβj , (3.43)
α = (αi), β = (βi) ∈ Rn. Using the definitions (3.13), (3.22), (3.36), (3.37) and relations
(3.11), we obtain the relations between Kasner-like parameters
< β, β > +(βϕ)
2 = Gijβ
iβj + (βϕ)
2 = 1/q2 = −4/ < u, u >∗, (3.44)
and (see (3.12))
uiβ
i = e0i e
i
aˆP
aˆ = δ0aˆP
aˆ = 0, (3.45)
where P aˆ = −paˆ
√
2/E .
Analogously to (3.45) we get uiγ
i = 0 and hence (see (3.41))
n∏
i=1
Auii = E/|A|. (3.46)
Thus, the additional integral of motion E is a certain combination of parameters Ai and |A|
depending on the equation of state (2.8).
We introduce also a ”quasi-volume” scale factor
v =
n∏
i=1
a
ui/2
i = exp(
1
2
uix
i). (3.47)
From (3.12), (3.27), (3.33), (3.46) (see also (3.40), (3.45) we have
v = v0 sinh(rτ/T )/r = (E/|A|)1/2(fδ(q
√
2E(t− t0)))−1, (3.48)
Here
v0 =
n∏
i=1
A
ui/2
i . (3.49)
The quasi-volume scale factor oscillates for A < 0 and exponentially increases as τ → +∞
for A > 0.
From (3.3), (3.32), (3.35), (3.47), (3.48) we get
exp[2γ0(t)]dt⊗ dt = (
n∏
i=1
a2Nii )f
2
δ (q
√
2E(t− t0))(2q2ET 2)−1dτ ⊗ dτ,
= (
n∏
i=1
a2Ni−uii )dτ ⊗ dτ. (3.50)
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Thus we get the following solution of the field equations (2.3) and (2.4)
g = −(∏ni=1(ai(τ))2Ni−ui)dτ ⊗ dτ +∑ni=1 a2i (τ)g(i), (3.51)
ai(τ) = Ai[sinh(rτ/T )/r]
2ui/<u,u>∗[tanh(rτ/2T )/r]β
i
, (3.52)
exp(κϕ(τ)) = Aϕ[tanh(rτ/2T )/r]
βϕ, (3.53)
κ2ρ(τ) = A
∏n
i=1(ai(τ))
ui−2Ni , (3.54)
i = 1, . . . , n; where r =
√
A/|A|, T is defined in (3.32), Ai, Aϕ > 0 are constants and the
parameters βi, βϕ satisfy the relations
n∑
i=1
uiβ
i = 0,
n∑
i,j=1
Gijβ
iβj + (βϕ)
2 = −4/ < u, u >∗= 1/q2. (3.55)
Here τ > 0 for A > 0 and 0 < τ < πT for A < 0.
We note that the solution (3.51)-(3.55) without scalar field (βϕ = 0) was obtained previ-
ously in [47]. For ui = 2Ni (Λ-term case) the solution was considered in [48] (for βϕ = 0 see
also [46]), where Euclidean wormholes were constructed.
For small values of τ we have the following asymptotic relations
ai(τ) ∼ Ciτ β¯i , exp(κϕ(τ)) ∼ Cϕτβϕ (3.56)
as τ → 0, i = 1, . . . , n, where Ci, Cϕ are constants and β¯i = βi + σi are the new Kasner-like
parameters, satisfying the relations
uiβ¯
i = 2, Gij β¯
iβ¯j + β2ϕ = 0. (3.57)
3.2 Exceptional solutions
Now we consider the exceptional real solutions corresponding to E = 0 and A > 0 (see
(3.25)). From E = 0 and (3.22) we have pB = 0 and hence
zB = qB (3.58)
are constant, B = 1, . . . , n. So, κϕ = zn = const in this case. From (3.7) and (3.12) we have
xi = −(ui/4q2)(2qz0) + γi, γi = eiaˆqaˆ, (3.59)
(aˆ = 1, . . . , n− 1). Using (3.13), (3.25), (3.32) and (3.59) for t > t0, we get
ai = exp(x
i) = [(t− t0)/T ]−σi exp(γi), (3.60)
i = 1, . . . , n.
Introducing the new time variable
T/(t− t0) = exp[±(τ − τ0)/T ], t > t0, (3.61)
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we obtain
ai(τ) = A¯i exp(±σiτ/T ), (3.62)
where
A¯i = exp(∓σiτ0/T ) exp(γi), (3.63)
i = 1, . . . , n.
Analogously to (3.45) we get uiγ
i = 0 and hence (see (3.63))
n∏
i=1
A¯uii = exp(∓2τ0/T ). (3.64)
For the quasi-volume from (3.62) and (3.64) we get
v =
n∏
i=1
a
ui/2
i = exp[±(τ − τ0)/T ]. (3.65)
Thus, for A > 0 we have a family of exceptional solutions with the constant real scalar
field
g = −(∏ni=1(ai(τ))2Ni−ui)dτ ⊗ dτ +∑ni=1 a2i (τ)g(i), (3.66)
ai(τ) = A¯i exp[±2uiτ/(T < u, u >∗)], (3.67)
ϕ(τ) = const, (3.68)
and ρ(τ) is defined by (3.54). Here A¯i > 0 (i = 1, . . . , n) are constants, and T is defined in
(3.32).
We note that for A > 0 the solution (3.67) with the sign ′′+′′ is an attractor for the
solutions (3.52), i.e.
ai(τ) ∼ A¯i exp(σiτ/T ), ϕ(τ) ∼ const, (3.69)
i = 1, . . . , n, for τ → +∞.
Synchronous-time parametrization. The relations (3.67) imply
n∏
i=1
a2Ni−uii = P¯
2 exp[±2(σ¯ − 1)τ/T ], (3.70)
where
P¯ =
∏n
i=1 A¯
Ni− 12ui
i , (3.71)
σ¯ = 2Niu
i/ < u, u >∗=< u(Λ), u >∗ / < u, u >∗ . (3.72)
Here and below
u
(Λ)
i = 2Ni. (3.73)
Now, we introduce the synchronous time variable ts satisfying the relation
P¯ 2 exp[±2(σ¯ − 1)τ/T ]dτ ⊗ dτ = dts ⊗ dts. (3.74)
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First, we consider the case
σ¯ 6= 1 ⇐⇒ < u(Λ) − u, u >∗ 6= 0. (3.75)
Introducing ts by the formula
ts =
P¯T
|σ¯ − 1| exp[±(σ¯ − 1)τ/T ] > 0 (3.76)
we get for the scale factors
ai = ai(ts) = Ait
νi
s , (3.77)
where
νi = σi/(σ¯ − 1) = 2ui/ < u(Λ) − u, u >∗ (3.78)
and
Ai = A¯i[|σ¯ − 1|/(P¯T )]νi. (3.79)
The parameters νi (3.78) satisfy the following relation
νi(2Ni − ui) = 2. (3.80)
The relations (3.32), (3.71), (3.79) and (3.80) imply
n∏
i=1
Aui−2Nii = T
2/(σ¯ − 1)2 = −2 < u, u >∗ /(A < u(Λ) − u, u >2∗). (3.81)
From (3.54), (3.77), (3.80) and (3.81) we get the following formula for the density
κ2ρ = κ2ρ(ts) =
−2 < u, u >∗
< u(Λ) − u, u >2∗ t2s
. (3.82)
The metric reads as
g = −dts ⊗ dts +
n∑
i=1
a2i (ts)g
(i), (3.83)
where the scale factors are defined in (3.77), i=1, . . . ,n. Thus, formulas (3.54), (3.77),
(3.82), (3.83) and ϕ = const describe exceptional solutions for the case (3.70). We call these
solutions as the power-law inflationary solutions.
Now we consider the case
σ¯ = 1 ⇐⇒ < u(Λ) − u, u >∗= 0. (3.84)
From (3.54), (3.70) we get
κ2ρ = AP¯−2 = const. (3.85)
Introducing synchronous time ts = P¯ τ , from (3.67) we get
ai(ts) = A¯i exp[∓ u
i
√− < u, u >∗
ts
T0
], (3.86)
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where
T0 = (2κ
2ρ)−1/2. (3.87)
The relations (3.83), (3.85)-(3.87) and ϕ = const describe the exponential-type inflation for
the case (3.84).
Let us consider the synchronous time parametrization for the solutions (3.51)-(3.54). We
have the following relation between the synchronous time ts and the τ -variable
ts = εF (τ),
dF
dτ
= f(τ), (3.88)
where ε = ±1 and
f(τ) =
n∏
i=1
(ai(τ))
Ni− 12ui = P [sinh(rτ/T )/r]σ¯−1[tanh(rτ/2T )/r]β
iNi , (3.89)
κ2ρ(τ) = AP−2[sinh(rτ/T )/r]2−2σ¯[tanh(rτ/2T )/r]−2β
iNi , (3.90)
with P =
∏n
i=1A
Ni− 12ui
i and σ¯ is defined in (3.72). From (3.90) we have
f(τ) ∼ Bτ p−1, τ → +0, (3.91)
where B > 0 is constant and
p = p(β) = σ¯ + βiNi = (σ
i + βi)Ni. (3.92)
Putting ε = sign(p) from (3.88) and (3.91) we get
ts ∼ B1τ p, τ → +0, (3.93)
with B1 = B/|p| (here the integration constant in (3.88) is properly fixed).
Proposition 1. Let 1/q2 − (βϕ)2 ≥ 0. Then, for all β = (βi) satisfying the relations
(3.55), we have p(β) 6= 0 and
i) uiNi < 0 ⇒ p(β) > 0, (3.94)
ii) uiNi > 0 ⇒ p(β) < 0. (3.95)
The Proposition 1 is the special case of the more general Proposition 2 proved in the
Appendix.
Proposition 2. Let two vectors u = (ui), v = (vi) ∈ Rn satisfy the inequalities:
< u, u >∗≡ −4q2 < 0 and < v, v >∗< 0. Then, uivi =< u, v >∗ 6= 0 and for all β = (βi)
satisfying the relations
uiβ
i = 0, Gijβ
iβj ≤ 1/q2, (3.96)
the following relation is valid
sign(uivi) = −sign((σi + βi)vi), (3.97)
where σi = 2ui/ < u, u >∗.
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For the vector
vi = Ni =
1
2
u
(Λ)
i (3.98)
we have
vi = N i = GijNj =
1
2−D (3.99)
and hence
< v, v >∗= NiN i = −D − 1
D − 2 < 0. (3.100)
Thus the relations (3.92), (3.100) and the Proposition 2 imply the Proposition 1.
From (3.99) we get
uiN
i =
1
2−D
n∑
i=1
ui. (3.101)
Using relation (3.93), (3.101) and Proposition 1 we obtain
ts → +0, as τ → +0, (3.102)
for
A)
n∑
i=1
ui > 0, p(β) > 0 (3.103)
and
ts → +∞, as τ → +0, (3.104)
for
B)
n∑
i=1
ui < 0, p(β) < 0. (3.105)
In the limit τ → +0 we have τ ∼ (ts/B1)1/p (see (3.93)) and hence (see (3.56))
ai(ts) ∼ B¯itαis , exp(κϕ(ts)) ∼ B¯ϕtαϕs (3.106)
as ts → +0 in the case A) (3.103) and as ts → +∞ in the case B) (3.105). Here B¯i, B¯ϕ are
constants and
αi = (σi + βi)/p(β), αϕ = βϕ/p(β), (3.107)
i = 1 . . . n. The parameters αi, αϕ satisfy the Kasner-like relations
n∑
i=1
Niα
i = 1, (3.108)
n∑
i=1
Ni(α
i)2 + α2ϕ = 1. (3.109)
The first relation (3.108) is quite obvious, the second (3.109) is following from the first
one, (2.12) and the relation
Gijα
iαj + α2ϕ = 0, (3.110)
that can be readily verified using the relations (3.13), (3.41), (3.55) and (3.107).
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The Kasner-like asymptotical behaviour (3.106), (3.108), (3.109) for the case A) agrees
with one of the results of [55]: in the case A) the perfect fluid components with < u, u >∗< 0
may be neglected near the singularity ts → +0 and we are lead to the Kasner-like formulas
[52] (see also [39]).
Fig. 1
We note that for the case n = 2 the following relation takes place:
[b2
u1
N1
− (1 + s) u2
N2
][b1
u2
N2
− (1 + s) u1
N1
] == (−s2)(1 + s) < u, u >∗, (3.111)
where bi = 1 − 1Ni , i = 1, 2 and s =
√
1− b1b2. This implies the relations for the light-cone
lines (< u, u >∗= 0):
l1 : b2(1− ξ1) = (1 + s)(1− ξ2), (3.112)
l2 : b1(1− ξ2) = (1 + s)(1− ξ1), (3.113)
(see Fig.1).
3.3 Isotropization-like behaviour
Here we rewrite the attractor behaviour (3.69) for the non-exceptional solutions (3.51)-(3.55)
with A > 0 (as τ → +∞) in terms of the synchronous time variable ts. For the function
(3.89) we have the following asymptotical behaviour
f(τ) ∼ P [1
2
exp(τ/T )]σ¯−1 = B¯ exp[(σ¯ − 1)τ/T ], (3.114)
when τ → +∞ (B¯ = const).
First we consider the case σ¯ = 1 (see (3.84)). In this case f(τ) ∼ B¯ as τ → +∞ and
hence (see (3.88))
ts = F (τ) ∼ B¯τ + C, (3.115)
as τ → +∞. (Due to uiNi < 0 and Proposition 1 ε = sign(p) = +1). The synchronous time
ts is monotonically increasing from 0 to +∞ as τ is varying from 0 to +∞ (see (3.93)).
From (3.54), (3.69) and (3.115) for the case σ¯ = 1 we get
ai(ts) ∼ A¯i exp[− u
i
√− < u, u >∗
ts
T0
], (3.116)
ϕ(ts) ∼ const, (3.117)
ρ(ts) ∼ ρ0. (3.118)
when ts → +∞, where T0 = (2κ2ρ0)−1/2.
Now, we consider the case σ¯ 6= 1 (see (3.75)). In this case
F (τ) ∼ B¯T
(σ¯ − 1) exp[(σ¯ − 1)τ/T ] + C, (3.119)
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where C is constant.
First, we consider the subcase: σ¯ > 0 or, equivalently, uiN
i < 0 (or
∑n
i=1 ui > 0, see
(3.101)). We have ts = F (τ), since p > 0 due to (3.103) and ε = sign(p) = +1). In this case
ts is monotonically increasing from 0 to T∗ > 0 for 0 < σ¯ < 1 and to +∞ for σ¯ > 1 as τ is
varying from 0 to +∞ (see (3.93)). Using (3.54), (3.69) we get
ai(ts) ∼ Ai(T∗ − ts)νi, (3.120)
ϕ(ts) ∼ const, (3.121)
κ2ρ(ts) ∼ −2 < u, u >∗
< u(Λ) − u, u >2∗ (T∗ − ts)2
. (3.122)
as ts → T∗−0, for σ¯ < 1. For σ¯ > 1 we have the asymptotic behaviour in the limit ts → +∞
described by the relations
ai(ts) ∼ Aitνis , (3.123)
ϕ(ts) ∼ const, (3.124)
κ2ρ(ts) ∼ −2 < u, u >∗
< u(Λ) − u, u >2∗ t2s
. (3.125)
as ts → +∞, where νi is defined in (3.78).
Now, we consider the subcase: σ¯ < 0 or, equivalently, uiN
i > 0 (or
∑n
i=1 ui < 0, see
(3.101)) We remind that p < 0 due to (3.105) and ε = sign(p) = −1 . Then, we have
ts = −F (τ) (we put C = 0 in (3.119)) and ts is monotonically decreasing from +∞ to 0 as
τ is varying from 0 to +∞ (see (3.93)). In the considered subcase we have the asymptotic
behaviour in the limit ts → +0 described by the relations (3.123)-(3.125).
3.4 Solutions with pure imaginary scalar field
Now, we consider the solutions of the field equations with the complex scalar field and the
real metric. In this case E , p1, . . . , pn−1 are real and hence (see (3.21), (3.22)) pn is either
real or pure imaginary. The case of real pn was considered above.
For the pure imaginary pn we have three subcases: a) E > 0, b) E = 0, c) E < 0. In the
first case E > 0 after the reparametrization (3.29)-(3.32) we get the solutions (3.51)-(3.55)
with an imaginary value of βϕ. The cases b) and c): E ≤ 0 take place only for A > 0 (see
(3.24), (3.25)).
Let us consider the case E < 0. Here, we have (see (3.36), (3.37)) the imaginary βk:
βk = iβˆk, k = 1, . . . , n, (3.126)
and real βϕ. The solution may be obtained from (3.51)-(3.55) substituting (3.126) and
τ/T 7→ τ/T + iπ
2
:
g = −(
n∏
i=1
(ai(τ))
2Ni−ui)dτ ⊗ dτ +
n∑
i=1
a2i (τ)g(i), (3.127)
ai(τ) = Aˆi[cosh(τ/T )]
σi [f(τ/2T )]βˆ
i
, (3.128)
ϕ(τ) = c+ 2iβϕ arctan exp(−τ/T ), (3.129)
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where c, Aˆi 6= 0 are constants, i = 1, . . . , n, T is defined in (3.32), σi are defined in (3.41),
A > 0 and the real parameters βˆi, βϕ satisfy the relations
n∑
i=1
uiβˆ
i = 0, −
n∑
i,j=1
Gijβˆiβˆj + (βϕ)
2 = −4/ < u, u >∗= 1/q2. (3.130)
Here, like in [48],
f(x) ≡ [tanh(x+ iπ
4
)]i = exp(−2 arctan e−2x) (3.131)
is the smooth monotonically increasing function bounded by its asymptotics:
e−π < f(x) < 1; f(x)→ 1 as x→ +∞ and f(x)→ e−π as x→ −∞. The solution (3.127)-
(3.130) (with ρ from (3.54)) may be also obtained from formulas (3.20), (3.24). The relation
between the harmonic time and τ -variable (3.33) for the case E < 0 is modified
cosh(τ/T ) = 1/ sin(q
√
2|E|(t− t0)). (3.132)
For the quasi-volume scale factor we have
v =
n∏
i=1
a
ui/2
i = (
n∏
i=1
Aˆ
ui/2
i ) cosh(τ/T ). (3.133)
The scalar field ϕ(t) varies from c + iπβϕ to c as τ varies from −∞ to +∞. The solution
(3.127)-(3.130) for τ ∈ (−∞,+∞) is non-singular . Any scale factor ai(τ) for some τ0i has
a minimum and
ai(τ) ∼ A±i exp(σi|τ |/T ), (3.134)
for τ → ±∞.
The ”Lorentzian” solutions considered above have ”Euclidean” analogues for A < 0 also
g = (
n∏
i=1
(ai(τ))
2Ni−ui)dτ ⊗ dτ +
n∑
i=1
a2i (τ)g(i), (3.135)
ai(τ) = Aˆi[cosh(τ/T )]
σi [f(τ/2T )]βˆ
i
, (3.136)
ϕ(τ) = c+ 2iσn+1 arctan exp(−τ/T ), (3.137)
with the parameters βˆi, βϕ satisfying the relations (3.130). When all spaces (Mi, g
(i)) are
Riemannian, this solution may be interpreted as the classical Euclidean wormhole (instanton)
solution.
An interesting special case of the solution (3.135)-(3.137) occurs for βˆi = 0, i = 1, . . . , n,
(this corresponds to paˆ = 0)
ai(τ) = Aˆi[cosh(τ/T )]
σi , (3.138)
ϕ(τ) = c± 2iq−1 arctan exp(−τ/T ). (3.139)
All scale factors (3.138) have a minimum at τ = 0 and are symmetric with respect to the
time inversion: τ 7→ −τ . It is necessary to stress that here, like in [48], wormhole solutions
take place only in the presence of the imaginary scalar field.
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3.5 Some examples
In this subsection we consider some application of the obtained above formulas.
3.5.1. Isotropic case.
First, we consider the isotropic case:
ui = hNi ⇐⇒ u = h
2
u(Λ), pi = (1− h)ρ, (3.140)
where h 6= 0 is constant. From (3.98)-(3.100) and (3.140) we get
ui =
h
2−D, < u, u >∗= −h
2D − 1
D − 2 < 0, (3.141)
and hence
σi = 2ui/ < u, u >∗=
2
h(D − 1) = σ(h) = σ. (3.142)
The solution (3.51)-(3.55) reads
g = −(∏ni=1(ai(τ))(2−h)Ni)dτ ⊗ dτ +∑ni=1 a2i (τ)g(i), (3.143)
ai(τ) = Ai[sinh(rτ/T )/r]
σ(h)[tanh(rτ/2T )/r]β
i
, (3.144)
exp(κϕ(τ)) = Aϕ[tanh(rτ/2T )/r]
βϕ, (3.145)
κ2ρ(τ) = A
∏n
i=1(ai(τ))
(h−2)Ni = A(
∏n
i=1A
(h−2)Ni
i )[sinh(rτ/T )/r]
2(h−2)/h, (3.146)
i = 1, . . . , n; where r =
√
A/|A|,
T = |h|−1
[ |A|(D − 1)
2(D − 2)
]−1/2
, (3.147)
Ai, Aϕ > 0 are constants and the parameters β
i, βϕ satisfy the relations
n∑
i=1
Niβ
i = 0,
n∑
i=1
Ni(β
i)2 + (βϕ)
2 =
4(D − 2)
h2(D − 1) . (3.148)
The special case of this solution with h = 2 (Λ-term case) was considered in [48].
Now, we consider the exceptional solutions for A > 0. From (3.72) and (3.141) we have
σ¯ = σiNi = 2/h, < u
(Λ) − u, u >∗= h(h− 2)D − 1
D − 2 . (3.149)
From (3.149) we get: < u(Λ) − u, u >∗= 0 ⇐⇒ h = 2 (h 6= 0). The matter corresponds to
cosmological constant Λ = κ2ρ > 0. The relations (3.86), (3.141) imply the solution [46, 48]
with metric (3.83) and
ai(ts) = A¯i exp[± ts
√
2Λ√
(D − 1)(D − 2)
] (3.150)
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(ϕ = const).
For h 6= 2 ( ⇐⇒ < u(Λ) − u, u >∗ 6= 0)
νi = 2ui/ < u(Λ) − u, u >∗= 2
(2− h)(D − 1) = ν(h) = ν. (3.151)
From (3.77), (3.82), (3.141), (3.149) and (3.151) we obtain the relations for scale factors and
density:
ai(ts) = Ait
ν(h)
s , (3.152)
κ2ρ(ts) =
2(D − 2)
(h− 2)2(D − 1)t2s
. (3.153)
For h < 2 (or p > −ρ) we have an isotropic expansion of all scale factors and for h > 2 (or
p < −ρ) we have an isotropic contraction (see Fig.1).
Kasner-like behaviour. In the considered case
∑n
i=1 ui = h(D − 1) and hence (see
(3.102)-(3.108)) the Kasner-like behaviour (3.106),(3.108), (3.109) takes place as: A) ts →
+0, for for h > 0 (or p < ρ), and B) ts → +∞, for for h < 0 (or p > ρ).
Isotropization-like behaviour. Using the results of subsection 3.3 and (3.149) we are
lead to the following attractor behaviour:
ai(ts) ∼ Aitν(h)s , (3.154)
κ2ρ(ts) ∼ 2(D − 2)
(h− 2)2(D − 1)t2s
. (3.155)
in the limits ts → +∞, for 0 < h < 2 (or −ρ < p < ρ) and ts → +0, for h < 0 (or p > ρ).
Remark 2. For the dust matter case h = 1 (p = 0), ρ > 0, the solution (3.143)-(3.148)
has the sinchronous-time representation:
g = −dts ⊗ dts +∑ni=1 a2i (ts)g(i),
ai(ts) = A¯i[ts(ts + T1)]
1/(D−1)[ts/(ts + T1)]β
i/2, (3.156)
exp(2κϕ(ts)) = Aϕ[ts/(ts + T1)]
βϕ , (3.157)
κ2ρ(ts) = 2(D − 2)/[(D − 1)ts(ts + T1)]. (3.158)
i = 1, . . . , n; where 0 < ts < +∞, T1 > 0, A¯i, Aϕ > 0 are constants and the parameters
βi, βϕ satisfy the relations
n∑
i=1
Niβ
i = 0,
n∑
i=1
Ni(β
i)2 + (βϕ)
2 =
4(D − 2)
(D − 1) . (3.159)
The special case of this solution with βϕ = 0 was considered previously in [30] (for n = 2
and N1 = . . . Nn see [17] and [18] correspondingly.)
3.5.2 Curvature-like component.
Now we consider the perfect fluid matter with
ui = 2h(−δ1i +Ni) = hu(1)i , (3.160)
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where h 6= 0 is constant and N1 > 1. For h = 1 this component corresponds to the curvature
term for the first space [31] (see below). The calculation gives
ui = − 2h
N1
δi1, < u, u >∗= −4h2b1 < 0, (3.161)
where b1 = 1− 1N1 and
< u, u(Λ) >∗= 2uiNi = −4h, < u, u(Λ) − u >∗= 4h(−1 + hb1), σi = δ
i
1
h(N1 − 1) . (3.162)
Using (3.160) and (3.162) we get from (3.51)-(3.55):
g = −(a1(τ))2h(∏ni=1(ai(τ))2Ni(1−h))dτ ⊗ dτ +∑ni=1 a2i (τ)g(i), (3.163)
a1(τ) = A1[sinh(rτ/T )/r]
1
h(N1−1) [tanh(rτ/2T )/r]β
1
, (3.164)
ai(τ) = Ai[tanh(rτ/2T )/r]
βi, i > 1, (3.165)
exp(κϕ(τ)) = Aϕ[tanh(rτ/2T )/r]
βϕ, (3.166)
κ2ρ(τ) = A(a1(τ))
−2h(
∏n
i=1(ai(τ))
2Ni(h−1)) (3.167)
i = 1, . . . , n; where r =
√
A/|A|, T = |h|−1(2|A|b1)−1/2, Ai, Aϕ > 0 are constants and the
parameters βi, βϕ satisfy the relations
β1 =
1
1−N1
n∑
i=2
Niβ
i, (
n∑
i=2
Niβ
i)2 + (N1 − 1)[
n∑
i=2
Ni(β
i)2 + (βϕ)
2] = N1h
−2. (3.168)
For h 6= h0 ≡ b−11 = N1/(N1 − 1) > 1 we have from (3.162) < u, u(Λ) − u >∗ 6= 0 and (see
(3.78))
νi = δi1ν(h), ν(h) = [N1 + h(1−N1)]−1. (3.169)
The power-law inflationary solution for the considered case reads:
g = −dts ⊗ dts + A21t2ν(h)s g(1) +
n∑
i=2
A2i g
(i), (3.170)
ϕ = const, (3.171)
κ2ρ(ts) =
b1
2(−1 + hb1)2t2s
. (3.172)
The scale factors of internal spaces in this solution are constant (we have the so-called
”spontaneous compactification”). It is note difficult to show that constancy of internal scale
factors leads to the equation of state (3.160).
Using the relation σ¯ = h0/h and the analysis carried out in subsection 3.3 we obtain
that the solution (3.169)-(3.172) is an attractor for non-exceptional solutions with ρ > 0 as
ts → T∗ − 0, for h > h0; ts → +∞, for 0 < h < h0 and ts → +0, for h < 0. So, we obtained
the solutions with the ”dynamical compactification”.
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1-curvature case. Here we apply the obtained above relations to the cosmological
model described by the action
S =
∫
dDx
√
|g|{ 1
κ2
R[g]− ∂Mϕ∂NϕgMN} (3.173)
with a scalar field ϕ = ϕ(t) and metric (2.1) defined on the manifold (2.2), where (Mi, g
(i)),
i = 2, . . . , n; are Ricci-flat spaces and (M1, g
(1)) is an Einstein space of non-zero curvature,
i.e. Rmn[g
(1)] = λ1g(1)mn, λ
1 6= 0. Here n ≥ 2 and Ni = dimMi. This ”1-curvature model”
is equivalent to a special case of the considered above model (3.160) with h = 1 and A =
−1
2
λ1N1. (see [39]). The solution (3.163)-(3.168) reads for this case
g = (a1(τ))
2[−dτ ⊗ dτ + g(1)] +∑ni=2 a2i (τ)g(i), (3.174)
a1(τ) = A1[sinh(rτ/T )/r]
1
(N1−1) [tanh(rτ/2T )/r]β
1
, (3.175)
ai(τ) = Ai[tanh(rτ/2T )/r]
βi, i > 1, (3.176)
exp(κϕ(τ)) = Aϕ[tanh(rτ/2T )/r]
βϕ, (3.177)
κ2ρ(τ) = A(a1(τ))
−2 (3.178)
i = 1, . . . , n; where r =
√
−λ1/|λ1|, T = [|λ1|(N1− 1)]−1/2, Ai, Aϕ > 0 are constants and the
parameters βi, βϕ satisfy the relations
β1 =
1
1−N1
n∑
i=2
Niβ
i,
1
1−N1 (
n∑
i=2
Niβ
i)2 +
n∑
i=2
Ni(β
i)2 + (βϕ)
2 =
N1
(N1 − 1) . (3.179)
The power-law inflationary solution for the negative curvature case λ1 < 0 reads:
g = −dts ⊗ dts + A21t2sg(1) +
n∑
i=2
A2i g
(i), (3.180)
ϕ = const, (3.181)
where A21 = |λ1|/(N1 − 1) (see (3.81), (3.172)). We are lead here to the Milne-type solution
recently considered in [51].
There exist another parametrization of the solution (3.174)- (3.179) in terms of R-variable
related to τ -variable as
F = F (R) = 1− (R0
R
)N1−1 = tanh2(τ/2T ), λ1 < 0, (3.182)
= (
R0
R
)N1−1 − 1 = tan2(τ/2T ), λ1 > 0. (3.183)
Here R > R0 for λ
1 < 0 and R < R0 for λ
1 > 0; R0 = A12
1/(N1−1)
√
(N1 − 1)/|λ1|. In new
variables the metric and the scalar field may be written as
g = −F b−1dR⊗ dR + F bR2A21g(1) +
∑n
i=2 F
βiA2i g
(i), (3.184)
exp(2κϕ(R)) = A2ϕF
βϕ, (3.185)
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A21 = |λ1|/(N1 − 1), Ai, Aϕ > 0 are constants and
b = (1−
n∑
i=2
Niβ
i)/(N1 − 1) = (N1 − 1)−1 + β1, (3.186)
and the parameters βi(i > 1), βϕ satisfy the relations (3.179). The special case of the solution
(3.179), (3.184)-(3.186) with βϕ = 0 (constant scalar field) was obtained earlier in [39].
Remark 3. As a special case of the presented above solution we get a scalar-vacuum
analogue of spherically-symmetric Tangherlini solution [80] with n Ricci-flat internal spaces:
g = −fadt⊗ dt+ f b−1dR⊗ dR + f bR2dΩ2d +
n∑
i=1
faiBig
(i), (3.187)
exp(2κϕ(R)) = Bϕf
aϕ, (3.188)
where dΩ2d is the canonical metric on d-dimensional sphere S
d (d ≥ 2), f = f(R) = 1−BR1−d,
Bϕ, Bi > 0, B are constants and the parameters a, a1, . . . , an satisfy the relation
b = (1− a−
n∑
i=1
aiNi)/(d− 1), (3.189)
(a+
n∑
i=1
aiNi)
2 + (d− 1)(a2 + a2ϕ +
n∑
i=1
a2iNi) = d. (3.190)
For aϕ = 0 see also [60, 64]. In the parametrization of the harmonic-type variable this
solution was presented earlier in [62, 64].
4 Wheeler-DeWitt equation
The quantization of the zero-energy constraint (3.17) leads to the Wheeler-DeWitt (WDW)
equation in the harmonic time gauge (3.3) [31, 47, 48]
2HˆΨ ≡
[
∂
∂z0
∂
∂z0
−
n∑
i=1
∂
∂zi
∂
∂zi
+ 2A exp(2qz0)
]
Ψ = 0. (4.1)
We are seeking the solution of (4.1) in the form
Ψ(z) = exp(i~p~z)Φ(z0), (4.2)
where ~p = (p1, . . . , pn) is a constant vector (generally from Cn), ~z = (z1, . . . , zn−1, zn = κϕ),
~p~z ≡ ∑ni=1 pizi. Substitution of (4.2) into (4.1) gives
[−1
2
(
∂
∂z0
)2 + V0(z
0)]Φ = EΦ, (4.3)
where E = 1
2
~p~p and V0(z
0) = −A exp(2qz0). Solving (4.3), we get
Φ(z0) = Bi
√
2E/q(
√−2Aq−1 exp(qz0)), (4.4)
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where i
√
2E/q = i|~p|/q, and B = I,K are modified Bessel functions. We note, that
v = exp(qz0) =
n∏
i=1
a
ui/2
i (4.5)
is the ”quasi-volume” (3.47) (see (3.12)).
The general solution of Eq. (4.1) has the following form
Ψ(z) =
∑
B=I,K
∫
dn~p CB(~p)e
i~p~zBi|~p|/q(
√−2Aq−1 exp(qz0)), (4.6)
where functions CB (B = I,K) belong to an appropriate class. For the Λ-term case this
solution was considered in [46, 48] and for the two-component model (n = 2) and Λ > 0 in
[94].
In the ground state we put all momenta pa(a = 1, . . . , n) equal to zero and the ground
state wave function reads
Ψ0 = B0
(√−2Aq−1 exp(qz0)) . (4.7)
The function Ψ0 is invariant with respect to the rotation group O(n).
Remark 4. Applying the arguments considered in [40, 48] one may show that the ground
state wave function
Ψ
(HH)
0 = I0
(√
2|A|
q
exp(qz0)
)
, A < 0, (4.8)
J0
(√
2A
q
exp(qz0)
)
, A > 0, (4.9)
satisfies the Hartle-Hawking boundary condition [96]. The special cases of this formula were
considered in refs. [40] (1-curvature case) and [48] (Λ-term case).
From the equation (4.3) it follows that in the case A < 0 a Lorentzian region exists as
well as an Euclidean one for E > 0. In the case A > 0 only the Lorentzian region occurs
for E ≥ 0 but for E < 0 both regions exist. The wave functions (4.2), (4.4) with A > 0
and E < 0 describe transitions between the Euclidean and Lorentzian regions, i.e. tunneling
universes.
4.1 Quantum wormholes
Here we consider only real values of pi. In this case we have E ≥ 0.
If A > 0 the wave function Ψ (4.2) is not exponentially damped when v → ∞, i.e. the
condition (i) for quantum wormholes (see the Introduction) is not satisfied. It oscillates and
may be interpreted as corresponding to the classical Lorentzian solution.
For A < 0, the wave function (4.2) is exponentially damped for large v only, when B = K
in (4.4). (We recall that
Iν(z) ∼ e
z
√
2πz
, Kν(z) ∼
√
π
2z
e−z,
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for z → ∞). But in this case the function Φ oscillates an infinite number of times, when
v → 0. So, the condition (ii) is not satisfied. The wave function describes the transition
between Lorentzian and Euclidean regions.
The functions
Ψ~p(z) = e
i~p~zKi|~p|/q(
√−2Aq−1eqz0), (4.10)
may be used for constructing quantum wormhole solutions. Like in [83, 84, 46, 48] we
consider superpositions of the singular solutions
Ψˆλ,~n(z) =
1
π
∫ +∞
−∞
dkΨqk~n(z)e
−ikλ, (4.11)
where λ ∈ R and ~n ∈ Sn−1 is a unit vector (~n2 = 1). The calculation gives
Ψˆλ,~n(z) = exp[−
√−2Λ
q
eqz
0
cosh(λ− q~z~n)]. (4.12)
It is not difficult to verify that the formula (4.12) leads to the solutions of the WDW equation
(4.1), satisfying the quantum wormholes boundary conditions.
We note that the functions
Ψm,~n = Hm(x
0)Hm(x
1) exp[−(x
0)2 + (x1)2
2
], (4.13)
where
x0 = (2/q)1/2(−2A)1/4 exp(qz0/2) cosh(1
2
q~z~n), (4.14)
x1 = (2/q)1/2(−2A)1/4 exp(qz0/2) sinh(1
2
q~z~n), (4.15)
m = 0, 1, . . . , are also solutions of the WDW equation with the quantum wormhole boundary
conditions. Solutions of such type were previously considered in [82, 41, 42, 46, 48]. They
are called the discrete spectrum quantum wormholes (see [84]) (and may form a basis in the
Hilbert space of the system [85]).
Thus, in the case considered the quantum wormhole solutions (with respect to quasi-
volume (4.5)) exist for the matter with a negative density (3.2) (A < 0).
5 Third quantized model.
Here we put A > 0, i.e. the density of matter is positive. We consider the case of a real
Ψ-field as in [53] for simplicity. The WDW equation (4.1) corresponds to the action
S =
1
2
∫
dn+1zΨHˆΨ. (5.1)
Let us consider two bases of the solutions of theWDW equation {Ψin(~p),Ψ∗in(~p)}, {Ψout(~p),Ψ∗out(~p)}
Ψin(~p) = Ψin(~p, z) =
[
π
2q sinh(π|~p|/q)
]1/2
J−i|~p|/q
(√
2A
q
eqz
0
)
(2π)−n/2 exp(i~p~z)(5.2)
Ψout(~p) = Ψout(~p, z) =
1
2
(
π
q
)1/2
H
(2)
i|~p|/q
(√
2A
q
eqz
0
)
(2π)−n/2 exp(i~p~z) (5.3)
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where Jν and H
(2)
ν are the Bessel and Hankel functions respectively. These solutions are
normalized by the following conditions
(Ψin(~p),Ψin(~p
′)) = (Ψout(~p),Ψout(~p′)) = δ
(
~p− ~p ′
)
(5.4)
where
(Ψ1,Ψ2) = i
∫
dn~z
(
Ψ∗1
↔
∂0 Ψ2
)
(5.5)
is the charge form (indefinite scalar product). Here Ψ1
↔
∂ Ψ2 = Ψ1 ∂Ψ2 − (∂Ψ1) Ψ2. Due to
asymptotic behaviour
Ψin(~p, z) ∼ cin(|~p|) exp(i~p~z − i|~p|z0), v → 0, (5.6)
Ψout(~p, z) ∼ cout(|~p|)√
v
exp(i~p~z − i
√
2A
q
v), v → +∞. (5.7)
where Ψin(~p, z) and Ψout(~p, z) are negative frequency modes of ”Kasner”- and ”Milne”- types
respectively.
The standard quantization procedure [87, 88] give us
Ψ(z) =
∫
dn~p
[
a+in(~p)Ψ
∗
in(~p, z) + ain(~p)Ψin(~p, z)
]
=
∫
dn~p
[
a+out(~p)Ψ
∗
out(~p, z) + aout(~p)Ψout(~p, z)
]
, (5.8)
where the non-trivial commutators read
[ain(~p), a
+
in(~p
′)] = [aout(~p), a
+
out(~p
′)] = δ
(
~p− ~p ′
)
. (5.9)
”In” and ”out” vacuum states satisfy the relations
ain(~p)|0, in >= aout(~p)|0, out >= 0. (5.10)
The modes (5.2) and (5.3) are related by the Bogoljubov transformation
Ψin(~p) = α(|~p|)Ψout(~p) + β(|~p|)Ψ∗out(~p) (5.11)
α(~p) =
[
exp(π|~p|/q)
2 sinh(π|~p|/q)
]1/2
, β(~p) =
[
exp(−π|~p|/q)
2 sinh(π|~p|/q)
]1/2
. (5.12)
The vacuums |0, in > and |0, out > are unitary non-equivalent. The standard calculation
[87, 88] gives for a number density of ”out-universes” (of ”Milne- type”) containing in the
”in-vacuum” (”Kasner-type” vacuum)
n(~p) = |β(~p)|2 = (exp(2π|~p|/q)− 1)−1 . (5.13)
So, we obtained the Planck distribution with the temperature
TP l = q/2π =
√− < u, u >∗/4π. (5.14)
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The temperature (5.14) depends upon the vector u = (ui) ( i.e. on the equation of state):
TP l = TP l(u). For example, we get TP l(u
(Λ)) = 2TP l(u
(dust)). In the Zeldovich matter limit
u→ 0 we have TP l → +0.
Remark 5. In [97] a regularization of propagators (in quantum field theory) was intro-
duced using the complex signature matrix
(ηab(w)) = diag(w, 1, . . . , 1), (5.15)
where w ∈ C\(−∞, 0] is the complex parameter (Wick parameter). Originally path integrals
are defined (in covariant manner) for w > 0 (i.e. in Euclidean-like region) and then should be
analytically continued to negative w. The Minkowsky space limit corresponds to w = −1+i0
(in notations of [97] w−1 = −a). The prescription [97] is a natural realization of the Wick’s
rotation. In [98] the analogs of the Bogoljubov-Parasjuk theorems [86] for a wide class of
propagators regularized by the complex metric (5.15) were proved. This formalism may
be applied for third-quantized models of the multidimensional cosmology. In this case the
corresponding path integrals should be analytically continued from the interval 1 < D < 2
(D is dimension), where minisuperspace metric (2.12) is Euclidean, to D = D0 − i0, D0 =
1 +
∑n
i=1Ni. We note also that recently J.Greensite proposed an idea of considering the
space-time signature as a dynamical degree of freedom [99] (see also [100, 101]).
6 Appendix
Proof of Proposition 2. We introduce the new ”diagonalized” variables
βa = eai β
i, ua = e
i
aui, va = e
i
avi (6.1)
where matrices (eia), (e
a
i ) satisfy the relations (3.11)-(3.12) and (3.14). From (3.12)-(3.14)
we have
(ua) = (2q,~0) (σ
a) = (σieai ) = (q
−1,~0) (6.2)
and consequently (see (3.96))
0 = βiui = β
aua = 2qβ
0 ⇒ (βa) = (0, ~β). (6.3)
From the second relation in (3.96) we get
Gijβ
iβj = ηabβ
aβb = ~β2 ≤ 1/q2. (6.4)
For the vector (va) = (v0, ~v) we have −v20 + ~v2 =< v, v >∗< 0 and hence
|v0| > |~v|, v0 6= 0. (6.5)
We also obtain from (6.2) and (6.5)
< u, v >∗= −u0v0 = −2qv0 6= 0. (6.6)
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Using relations (6.2), (6.3) and (6.5) we get
(σi + βi)vi = (σ
a + βa)va == q
−1v0 + ~β~v = q−1v0(1 +
q
v0
~β~v). (6.7)
Eqs. (6.4), (6.5) imply the following inequality
| q
v0
~β~v| ≤ |~v|
v0
q|~β| ≤ |~v|
v0
< 1. (6.8)
From (6.6)-(6.8) (and q > 0) we get the proposed identity (3.97). The proposition is proved.
25
References
[1] T.Kaluza, Sitzungsber. Preuss. Akad. Wiss. Berlin Phys. Math., K1, 33, (1921) 966.
[2] O.Klein, Z. Phys. 37 (1926), 895.
[3] V.De Sabbata and E.Schmutzer, ”Unified Field Theories in more than Four Dimen-
sions”, Scientific World, Singapore, 1982.
[4] H. C. Lee, ”An Introduction to Kaluza-Klein Theories”, World Scientific, Singapore,
1984.
[5] Yu.S.Vladimirov. Physical Space-Time Dimension and Unification of Interactions.
Moscow University Press 1987 [in Russian].
[6] P.S.Wesson and J.Ponce de Leon, Gen. Rel. Gravit. 26 (1994) 555.
[7] M.B.Green, J.H.Schwarz and E.Witten, ”Superstring Theory” Cambridge University
Press., Cambridge, 1987.
[8] V.A.Belinskii and I.M.Khalatnikov, ZhETF, 63 (1972), 1121.
[9] P.Forgacs and Z.Horvath, Gen. Rel. Grav. 11 (1979), 205.
[10] A.Chodos and S.Detweyler, Phys. Rev. D 21 (1980), 2167.
[11] P.G.O.Freund, Nucl. Phys. B 209 (1982), 146.
[12] R.Abbot, S.Barr and S.Ellis, Phys. Rev. D30 (1984), 720.
[13] V.A. Rubakov, M.E. Shaposhnikov, Phys. Lett. B, 125 1983), 136.
[14] D.Sahdev, Phys. Lett. B 137 (1984) 155.
[15] E.Kolb, D.Linkley and D.Seckel, Phys. Rev. D 30 (1984), 1205.
[16] S.Ranjbar-Daemi, A.Salam and J.Strathdee, Phys. Lett. B 135 (1984), 388.
[17] D.Lorentz-Petzold, Phys. Lett. B 148 (1984), 43.
[18] R.Bergamini and C.A.Orzalesi, Phys. Lett. B, 135 (1984) 38.
[19] M.Gleiser, S.Rajpoot and J.G.Taylor, Ann. Phys. (NY) 160 (1985), 299.
[20] U.Bleyer and D.-E.Liebscher, Proc. III Sem. Quantum Gravity ed. M.A.Markov,
V.A.Berezin and V.P.Frolov. Singapore, World Scientific, 1985, p. 662.
[21] U.Bleyer and D.-E.Liebscher, Gen. Rel. Gravit. 17 (1985), 989.
[22] M.Demianski, Z.Golda, M.Heller and M.Szydlowski, Class. Quantum Grav. 3 (1986),
1190.
26
[23] D.L.Wiltshire, Phys. Rev. D, 36 (1987), 1634.
[24] U.Bleyer and D.-E.Liebscher, Annalen d. Physik (Lpz) 44 (1987), 81.
[25] G.W.Gibbons and K.Maeda, Nucl. Phys. B 298 (1988), 741.
[26] Y.-S.Wu and Z.Wang, Phys. Rev. Lett. 57 (1986), 1978.
[27] G.W.Gibbons and D.L.Wiltshire, Nucl. Phys. B 287 (1987), 717.
[28] V.D.Ivashchuk and V.N.Melnikov, Nuovo Cimento B102 (1988) 131.
[29] K.A.Bronnikov, V.D.Ivashchuk and V.N.Melnikov, Nuovo Cimento B102 (1988) 2O9.
[30] V.D.Ivashchuk, V.N.Melnikov, Phys. Lett. A 135 (1989), 465.
[31] V.D.Ivashchuk, V.N.Melnikov and A.I.Zhuk, Nuovo Cimento B, 104 (1989), 575.
[32] M.Szydlowski and G.Pajdosz, Class. Quant. Grav. 6 (1989), 1391.
[33] V.A.Berezin, G.Domenech, M.L.Levinas, C.O.Lousto and N.D.Umerez, Gen. Relativ.
Grav. 21 (1989), 1177.
[34] U.Bleyer, D.-E. Liebscher, H.-J.Schmidt and A.I.Zhuk, Wissenschaftliche Zeitschrift,
39 (1990) 20.
[35] V.D.Ivashchuk and V.N.Melnikov, Chinese Phys. Lett. 7 (1990), 97.
[36] M.Demiansky and A.Polnarev, Phys. Rev. D 41 (1990), 3003.
[37] S.B.Fadeev, V.D.Ivashchuk and V.N.Melnikov, In Gravitation and Modern Cosmology,
Plenum N.-Y., 1991, p. 37.
[38] U.Bleyer, D.-E.Liebscher and A.G.Polnarev, Class. Quant. Grav. 8 (1991), 477.
[39] V.D.Ivashchuk, Phys. Lett. A 170 (1992) 16.
[40] A.Zhuk, Class. Quant. Grav., 9 (1992), 202.
[41] A.Zhuk, Phys. Rev., D45 (1992), 1192.
[42] A.Zhuk, Sov. Journ. Nucl. Phys., 55 (1992), 149.
[43] A.I.Zhuk, Sov. Journ. Nucl. Phys., 56 (1993), 223.
[44] H.Liu, P.S.Wesson and J.Ponce de Leon, J. Math. Phys. 34 (1993), 4070.
[45] V.R.Gavrilov, Hadronic J. 16 (1993), 469.
[46] V.D.Ivashchuk, V.N.Melnikov, Teor. and Mat. Fiz. 98 (1994), 312 [in Russian].
27
[47] V.D.Ivashchuk and V.N.Melnikov, Multidimensional cosmology with m-component
perfect fluid. Preprint RGA 002/94; gr-qc/ 9403063; Int. J. Mod. Phys. D 4 (1994).
[48] U.Bleyer, V.D.Ivashchuk, V.N.Melnikov and A.I.Zhuk, Nucl. Phys. B 429 (1994), 177.
[49] V.R.Gavrilov, V.D.Ivashchuk and V.N.Melnikov, Integrable pseudo-euclidean Toda-
like systems in multidimensional cosmology with multicomponent perfect fluid.
Preprint RGA 002/94; gr-qc/ 9403063; to appear in J. Math. Phys..
[50] U.Bleyer and A.Zhuk, Gravitation and Cosmology, 1 (1995) .
[51] U.Bleyer and A.Zhuk, Multidimensional integrable comological models with negative
external curvature, Gravitation and Cosmology, 2 (1995) .
[52] U.Bleyer and A.Zhuk, Kasner-like, inflationary and steady state solutions in multidi-
mensional cosmology, Preprint of Free University, Berlin, to appear in Int. J. Mod.
Phys. D, (1995).
[53] A.I.Zhuk, to appear in Sov. Journ. Nucl. Phys. (1995).
[54] V.D.Ivashchuk, A.A.Kirillov and V.N.Melnikov, Pis’ma ZhETF 60 No 4 (1994), 225;
Izv. Vuzov, Fizika No 11 (1994) [in Russian].
[55] V.D.Ivashchuk and V.N.Melnikov, Billiard representation for multidimensional cos-
mology with multicomponent perfect fluid near the singularity. Preprint RGA-CSVR-
011/94; gr-qc/9407028; to appear in Class. Quan. Grav..
[56] M.Gasperini and G.Veneziano, Phys. Rev. D 50 (1994), 2519.
[57] M.Gasperini and G.Veneziano, Mod. Phys. Lett. A 8 (1993), 701.
[58] C.Angelantonj, L.Amendola, M. Litterio and F.Occhionero, String cosmology and in-
flation, Preprint FERMILAB-Pub-94/315-A, 1994.
[59] K. A. Bronnikov, V. D. Ivashchuk, Abstr. Rep. of VIII Soviet Grav. Conf, Erevan,
EGU, 1988, p. 156.
[60] S.B.Fadeev, V.D.Ivashchuk and V.N.Melnikov, Phys. Lett. A 161 (1991), 98.
[61] S.B.Fadeev, V.D.Ivashchuk and V.N.Melnikov, Chinese Phys. Lett. 8 (1991), 439.
[62] K.A.Bronnikov and V.N.Melnikov, to appear in Annals of Physics (N.Y.) 1994.
[63] U.Bleyer and V.D.Ivashchuk, Phys. Lett. B 332 (1994), 292.
[64] V.D.Ivashchuk and V.N.Melnikov, Class. Quantum Grav. 11 (1994) 1793.
[65] V.D.Ivashchuk and V.N.Melnikov, to appear in Int. J. Mod. Phys. D .
[66] A.Linde, Rep. Prog. Phys. 47 (1984) 925.
28
[67] A.A.Starobinsky, Pis’ma Zh.ETF 42 (1985), 124.
[68] E.Kolb and M.Turner, ”The Early Universe”, Addison-Wesley, Reading, MA, 1990.
[69] D.Polarski and A.A.Starobinsky, Phys. Rev. D, 50 (1994), 6123.
[70] S.Giddings and A.Strominger, Nucl. Phys. B 306 (1988), 890.
[71] R.S.Myers, Phys. Rev. D 38, (1988) 1327.
[72] S.W. Hawking, Phys. Rev. D 37, (1988) 904.
[73] R.Arnowitt, S.Deser and C.Misner, The dynamics of general relativity, In ”Gravitation,
an Introduction to Current Reseach”, N.-Y., London, 1963, p. 227.
[74] B.C. DeWitt, Phys. Rev., 160 (1967), 1113. Phys. Rev., (19), 13.
[75] C.W.Misner, In: ”Magic without Magic: John Archibald Wheeler”, ed. J.R.Klauder,
Freeman, San Francisko, 1972.
[76] M.I.Kalinin, V.N.Melnikov, in: Problems of Gravitation and Elementary Particle The-
ory. Moscow, Proc. VNIIFTRI, 16(46) (1972), 43 [in Russian].
[77] V.N.Melnikov, V.A.Reshetov, in: Abstr. VIII Nation. Conf. on Element. Particle Phys.
(ITP, Kiev, 1971) p. 117. [in Russian].
[78] K.P.Stanyukovich, V.N.Melnikov. ”Hydrodynamics, Fields and Constants in the The-
ory of Gravitation”, Energoatomizdat, Moscow, 1983 [in Russian].
[79] J.Louko, P.J.Ruback, Class. Quant. Grav., 8 (1991), 91.
[80] F.R.Tangherlini, Nuovo Cimento 27 (1963), 636.
[81] J.J.Halliwell, Phys. Rev. D D38 (1988), 2468.
[82] S. W. Hawking, D.N.Page, Phys. Rev. D, 42 (1990), 2655.
[83] L.Campbell and L.Garay, Phys. Lett. B 254 (1991), 49.
[84] L.J.Garay, The Hilbert space of wormholes, in: Classical and Quantum Gravity,
Proc. First Iberian Meeting of Gravity, eds. M.C.Bento, O.Bertolami,J.M.Mourao and
R.F.Picken. World Scientific, Singapore, 1993. Phys. Lett. B 254 (1991), 49.
[85] G.A. Mena Marugan, Wormholes as basis for the Hilbert space in Lorentzian gravity.
Preprint CGPG-94/5-2, gr-qc/9405027.
[86] N.N.Bogoljubov and V.D.Shirkov, ”Introduction to the Theory of Quantized fields”,
Nauka, Moscow, 1984 (in Russian).
[87] N.Birrell and P.Davies, ”Quantized Fields in Curved Space-Time”, Cambridge Univer-
sity Press, 1980.
29
[88] A.A.Grib, S.G.Mamaev and V.M.Mostepanenko, ”Vacuum Quantum Effects in Strong
Fields”, Friedmann Laboratory Publishing, St. Petersburg, 1994.
[89] V.A.Rubakov, Phys. Lett. B, 214 (1988), 503.
[90] S.Giddings and A.Strominger, Nucl. Phys. B 321 (1989), 481.
[91] A.A.Kirillov, Pis’ma ZhETF 55 (1992), 541.
[92] Y.Peleg, Class. Quantum Grav., 8 (1991), 827.
[93] Y.Peleg, Mod. Phys. Lett. A, 8 (1993), 1849.
[94] E.I.Guendelman, A.B.Kaganovich, Phys. Lett. B, 301 (1993), 15.
[95] T.Horigushi, Mod. Phys. Lett. A, 8 (1993), 777.
[96] J.B.Hartle and S.W.Hawking, Phys. Rev. D, 28 (1983), 2960.
[97] V.D.Ivashchuk, Izv. Akad. Nauk Mold. SSR, Ser. Fiz.-Tekhn. i Math. Nauk, 3 (1987),
8.
[98] V.D.Ivashchuk, Izv. Akad. Nauk Mold. SSR, Ser. Fiz.-Tekhn. i Math. Nauk, 1 (1987),
10.
[99] J.Greensite, Phys. Lett. B 300 (1993) 34.
[100] A.Carlini and J.Greensite, Phys. Rev. D 49 (1994) 34.
[101] E.Elizalde, S.D.Odintsov and A.Romero, Class. Quantum Grav. 11 (1994), L61.
30
Fig. 1. The graphical representation of the allowed cone < u, u >∗< 0 and different
domains in it on the plain ξi = pi/ρ, i = 1, 2, for the case n = 2 and N1 = 3, N2 = 6. The
hyperbola σ¯ = 1 corresponds to the exponential inflation (3.86).
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